The Adomian decomposition method has been widely used to solve ordinary and partial differential equations. The inhomogeneous term or the source term has been expanded in terms of orthogonal polynomials. In this work we expand the source term in terms of Legendre polynomials, Chebyshev polynomials and Taylor expansion. Our results show that the absolute error is the least when using Taylor expansion.
Introduction
Recently the Adomian decomposition method has been widely used to solve nonlinear ordinary and partial differential equations [1] [2] [3] [4] [5] . Most of the differential equations appear in mathematical physics have been resolved using this method such as Schrodinger equation, heat equation… etc.. In this work we will review the work done by M. Hosseni and Yucheng Liu [6, 7] . We will extend their work to include the Taylor series expansion and show that the last expansion has minimum absolute errors compared to the formers.
Review of Adomian Decomposition Method
The general form of the nonlinear ordinary differential equation is:
where is the unknown function, is the highest order derivative, is linear a operator term, is a nonlinear operator term, and ( ) is a source term.
Adomian suggested that the unknown function can be represented as a decomposing series ( ) = ∑ ( )
∞ =0
, with ≥ 0, and the nonlinear term can be written as an infinite series in terms of Adomian polynomials, .
Applying the inverse operator −1 for both sides to the equation (1)
In other words
where ( ) is a function that depends on the initial conditions.
The nonlinear terms can be written in terms of Adomian decomposition polynomials as [8] [9] [10] :
Solving inhomogeneous nonlinear differential equations
Applying the above formula, the first four Adomian polynomials are:
Rearranging the above equation, one finds
Comparing both sides, we conclude that:
Generally,
Modified Adomian decomposition method
In applying the Adomian decomposition method, the source term, ( ), is expanded in terms of Taylor series for any natural truncation number about = 0 as
According to expansion theory, which states that, if the differential equation can be written as a Sturm-Liouville equation (second order ordinary differential equation), which is given by:
Where ( ) is a real weight function, ( ) is any function and it might be zero and ( ) is any differentiable function, then 1. The eigenvalues, , are real 2. The corresponding eignfunctions are orthogonal 3. And as a consequences, any function ( ) can be written in terms of these eignfunctions, i.e.,
Hosseni [6] 
With 0 ( ) = 1, 1 ( ) = , and +1 ( ) = 2 ( ) − −1 ( ), ≥ 1.
Yucheng Liu [7] modified the Adomian decomposition method by expanding ( ) in terms of Legendre polynomials, where the weight function ( ) = 1 and
With ( ) = According to AMD, we have
.
Where is either ( ) or ( ). Wazwaz had written the above equations as
Examples
First, we consider the following example from reference [6] , which was solved by Hosseini using Chebyshev type one orthogonal functions, and from reference [7] , which was solved by Y. Lui using Legendre polynomials as an expansion to the source term ( ). Consider the following initial value problem of second order differential equation
The exact particular solution to this equation is 2 .
The above equation can be written in terms of operators as
Take −1 for both sides of the equation, where
, simplify this equation after applying the initial conditions,
and compare both sides to get:
Applying equation (4) we get the following Adomian polynomials:
As mentioned earlier, we will expand the source term in three different methods using, namely, the Taylor expansion, the Chebyshev and the Legendre expansions up to = 6. The Taylor series for ( ) is: ( ) = 2 + 9 2 + 10 4 + 47 6 6 + ⋯ Inserting this expansion in equation (10) and using the expression for the Adomian polynomials, we get: Secondly, following Hosseini scheme in expanding the source function in term of Chebyshev polynomials, the source term is:
where the Chebyshev function of first kind, now is a function of 2 − 1 to assure that it lies within the interval of orthogonality [−1,1] when 0 ≤ ≤ 1, and the constants, , are
These constants cannot be solved analytically, so Mathematica is used to generate all required constants, see appendix A, and the final result regarding the source function is: Thirdly, following Yusheng scheme in expanding the source function in terms of Legendre polynomials, the source term is:
where the Legendre polynomial, , now is a function of 2 − 1 as before and the constants, , are:
Again, these constants cannot be solved analytically, so Mathematica is used to generate all required constants and the final result regarding the source function is:
( ) = 0.14 − 34. 
Results and Discussions
We have estimated the absolute norm errors || ( ) − ( )|| using the above different expansions. Figures (1) , (2) and (3) show our results for using Chebyshev, Legendre and Taylor expansions, respectively. In the example above, the ADM and MADM have been applied to re-solve the NODEs, which has been solved by Hosseine and Yusheng, by expanding the inhomogeneous term in terms of Chebyshev functions and Legendre polynomials. As one can see, our solution to the problem is quite different than the solution presented by Hosseine and Yusheng! Hosseini, who was the first to expand the inhomogeneous term in terms of orthogonal Chebyshev functions of type one, provided two different examples to show that, expanding the source term as orthogonal functions produces much better results than Taylor series. His results show the advantageous of expanding the inhomogeneous term in terms of orthogonal functions over Taylor expansion.
From his results, one can see that taking only few terms, up to 6 , will improve the results drastically, at least within two orders of magnitude.
Unfortunately, both examples solved by Hosseine are even functions [6] . The drawback of taking only even functions is that, when expanding the inhomogeneous function in terms of Taylor series, the series terminates after taking four terms than seven terms when expanding the source function up to 6 , while expanding the source function as Chebyshev functions covers the whole seven terms! Yusheng extended the work of Hosseini, by expanding the inhomogeneous term in terms of Legendre polynomials, he repeated one of the two problems Hosseine solved. Again Yusheng's results show that the error lies within the order of 10 −3 , which is one order of magnitude better than the Taylor expansion.
Since we believe that the number of terms, when expanding the source function, should be the same in any expansion, we should have re-solved the problem by taking extra terms but we re-solve the problem with same numbers of terms as Hosseini The absolute errors were different than the published data, for this reason, we contacted the authors, and the second author, Yusheng, encourages us to publish our results after showing him the flaw in their results! Our results showed that the absolute error, when using Taylor expansion with only four terms, lies within order of 10 −4 while the published result lie within the order of 10 −2 . On the other hand, when repeating their results using Chebyshev type one functions and Legendre polynomials, the results were quite different, the absolute errors for both expansions lie within the order of 10 −1 ! To make our point clear, we solved the same problem but with different source term, see the appendix, in this case we chose the solution to be a combination of even and odd functions to guarantee the same number of terms. In this case, when expanding the source term in term of Taylor series the absolute error lies within the order of 10 −6 , while when expanding the source term in term of Chebyshev polynomials the absolute error lies within the order of 10 −2 , but when expanding the source term in term of Legendre polynomials the absolute error lies within the order of 10 −1 . It is worth mentioning that our results, not only showing a better estimate to the exact solution when using Taylor expansion over the other two expansions as in the above example and the example in appendix B, but also one can predict the exact solution when using Taylor expansion to the source function.
Conclusions
In this work we have showed that using Taylor expansion for the inhomogeneous term for solving the nonlinear ordinary differential equations gives better estimation for the following reasons:
First, when using Taylor series expansion, one does not need to use any numerical methods to find the coefficients of , while using orthogonal functions, one needs a pre-installed package, such as Mathematica, or any other computer language with quite good knowledge in solving integrals using numerical analysis, such as, Simpson composite method, trapezoidal composite method, Gaussian quadrature, or any other famous method.
Second, using Taylor series expansion produces less absolute error than any other method of expansion, such as Chebyshev or Legendre functions.
Third, from our computational results, one might, sometimes, easily deduce the exact form solution using Taylor expansion, while it is impossible to do so with other expansions.
Finally, regardless of the inhomogeneous function, one should pay attention to the number of terms used in the expansion, i.e., it should be the same number of terms when comparing expansion methods. The absolute norm error is shown in the following figure A.3 
